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Spectral flow of chiral fermions in the background of electroweak sphalerons is studied. A fermion
field configuration that interpolates between the sphaleron zero mode and the asymptotic fermion
modes is proposed for the level crossing left handed fermion fields. It is shown that the fermionic
electromagnetic currents with non-trivial helicity are produced during the level crossing. Cosmic
magnetic field generation due to these currents is briefly discussed.
PACS numbers: 98.80.Cq, 12.15.-y.
Introduction.—Relics from the early universe, such
as, primordial density perturbations, baryon asymmetry,
primordial light element abundances, dark matter and
cosmic microwave background serve us as extremely pow-
erful tools to study high energy physics and the physics
of the early universe. Cosmic magnetic fields generated
in the early universe could also have a similar use if they
are detected (see, e.g., Ref. [1] for a recent review). For
instance, due to an instability in the electroweak plasma
[2, 3], magnetic fields could be produced if the medium
has non-zero right handed electron asymmetry [4, 5]. A
curious connection between the baryon asymmetry of the
universe and the helicity of magnetic fields generated in
the electroweak baryogenesis was made [6, 7], and it was
found that this scenario leads to cosmic magnetic fields
with left handed helicity [7–9]. Similarly, in the leptoge-
nesis scenario, right handed magnetic fields are expected
to be generated [10]. There is an indirect evidence for the
existence of cosmic magnetic fields from TeV blazars [11],
and the helicity of such fields could also be determined
from the diffuse gamma ray data [12, 13]. Therefore, it
is an exciting time to consider the processes in the early
universe that can lead to generation of cosmic magnetic
fields. In this letter, we will be interested in the question
of whether any electromagnetic currents are produced
during the level crossing of chiral fermions in the elec-
troweak sphaleron background, which relies only on the
standard model physics. We will find that there are in-
deed non-zero currents with non-trivial helicity, and thus
they can lead to cosmic magnetic fields.
Topology of Gauge Theories.—Non-Abelian gauge the-
ories exhibit non-trivial vacuum configuration and topol-
ogy. This rich structure manifests itself in profound
physical processes, such as instantons, sphalerons and
level crossing of chiral fermions. Chern-Simons number
is a topological invariant of the vacuum manifold of a
gauge theory labeling the physically equivalent degener-
ate vacua. The change in the Chern-Simons number is
∆NCS = − g
2
32pi2
∫
d4x Tr(Fµν F˜
µν), (1)
where the gauge connection is T aAaµ, the covariant
derivative Dµ = ∂µ + igT
aAaµ, the curvature Fµν =
[Dµ, Dν ], F˜
µν = µναβFαβ/2 and g is the coupling con-
stant. {T a} are the generators of the gauge group satis-
fying the Lie algebra [T a, T b] = ifabcT c, where fabc are
the structure constants [fabc = abc for SU(2)]. Instan-
tons [14] and sphalerons [15, 16] are solutions of the Yang-
Mills equations that have non-zero NCS, and they exhibit
zero modes when coupled to fermions. The Atiyah-Singer
index theorem [17, 18] can be used to relate the num-
ber of zero modes of the Euclidian Dirac operator to the
Chern-Simons number of the gauge fields they are cou-
pled to: Index[ /D] = ∆NCS. The spectral flow of the
fermion Hamiltonian is understood as the level crossing
of the chiral fermions in the background of topologically
non-trivial gauge fields (with non-zero NCS).
The instanton and sphaleron effects lead to the quan-
tum mechanical violation of otherwise classically con-
served charges. For instance, the axial charge violating
process pi0 → γγ occurs due to the triangle diagram that
violates this charge [19, 20]. Similarly, baryon and lep-
ton numbers in the electroweak theory [16, 21] are both
anomalous
∂µJ
µ
B = ∂µJ
µ
L =
g2
32pi2
Tr(WµνW˜
µν), (2)
where W aµν are the weak SU(2)L gauge fields.
Electroweak Sphaleron.—In the electroweak theory, the
gauge and the Higgs field configurations that interpolate
between, e.g., NCS = 1 and NCS = 0, have been con-
structed in Ref. [15]:
T aAai = −
i
g
f(r)(∂iU)U
−1 , (3)
Φ = [1− h(r)]
(
0
e−iµ cosµ
)
τ
+ h(r)U
(
0
1
)
τ
, (4)
where the U(1)Y hypercharge coupling is taken to be
g′ → 0, i = θ, φ, Aar = 0, Aa0 = 0, T a ≡ τa/2 = σa/2,
{σa} are Pauli spin matrices, f(r) and h(r) are ra-
dial functions with boundary conditions f(r)/r|r=0 = 0,
h(0) = 0, f(∞) = h(∞) = 1, and are obtained by requir-
ing a finite energy sphaleron solution, and
U =
(
eiµ(cosµ− i sinµ cos θ) eiφ sinµ sin θ
−e−iφ sinµ sin θ e−iµ(cosµ+ i sinµ cos θ)
)
.
(5)
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2Here, µ ∈ [0, pi] so that both the gauge fields Aai and the
Higgs field Φ describe the vacuum at µ = 0 and µ = pi,
corresponding to NCS = 0 and NCS = 1, respectively.
Using this configuration, one can show that the sphaleron
(µ = pi/2) has NCS = 1/2 [16].
Level Crossing Fermion Configuration.—Ignoring the
fermion masses for simplicity, the Dirac equation for the
left handed fermion field reduces to iσµDµΨL = 0, or
i∂tΨL = HDΨL. (6)
Here σµ ≡ (I,σ) and the Dirac Hamiltonian is
HD(µ) = σ · (p− gT aAa) , (7)
where T aAa is given by Eq. (3). At µ = pi/2 (NCS = 1/2)
it takes the following form
HD(pi/2) = σ · rˆ
(
i∂r − i
r
σ · [L+ f(r)T ]
)
− i
r
f(r)T · rˆ,
(8)
where rˆ is the unit vector along the radial direction, L
is the angular momentum operator1, whereas the free
Hamiltonian is
H freeD = σ · rˆ
(
i∂r − i
r
[J2 −L2 − S2]
)
, (9)
where we used σ ·L = J2−L2−S2, S ≡ σ/2, J = L+S.
It is quite complicated to find all the eigenstates of
the full time dependent Hamiltonian since the first and
the second term in Eq. (7) do not commute in general.
Thus, not much progress can be made analytically ex-
cept in the s-wave sector, where L = 0. Defining the
total angular momentum as K = J +T , the eigenvalues
of the K2 operator are k = 0, 1 for the s-wave sector.
The singlet state (k = 0) is a normalizable zero energy
solution, i.e., the fermion zero mode in the electroweak
sphaleron background [22]
Ψ0sph(r) = C0 e
−2 ∫ r
0
dxf(x)/x χ, (10)
where C0 is the normalization constant, χ is the spin-
isospin (s-τ) singlet state satisfying K2χ = 0:
χ =
1√
2
[(
1
0
)
s
⊗
(
0
1
)
τ
−
(
0
1
)
s
⊗
(
1
0
)
τ
]
. (11)
All the eigenstates of the free Hamiltonian [Eq. (9)] in
spherical coordinates can be found analytically for a com-
ponent of an isospinor:
Ψfree`m (r, θ, φ) = e
−iEt [J`(Er) Ω+`m − iJ`+1(Er) Ω−`m] ,
(12)
1 Using the identity σiσj = δij + iijkσk and contracting the in-
dices i and j with position and momentum operators, one gets
σ ·r σ ·p = r ·p+iσ ·(r×p). Multiplying this equation from left
by σ · r, and using the same identity again, one finally obtains
(σ · r σ · r) σ · p = r2 σ · p = σ · r (r · p+ iσ ·L).
where ` and m are the eigenvalues of L2 and Lz, respec-
tively, J`(Er) is the Bessel function and
Ω±`m =
1√
2`+ 1
(
±√`±m+ 1/2 Y m−1/2` (θ, φ)√
`∓m+ 1/2 Y m+1/2` (θ, φ)
)
s
,
(13)
and Y
m±1/2
` (θ, φ) are the spherical harmonics. Note that
σ · rˆ Ω±`m = −Ω∓`m.
Inspecting Eqs. (7) and (8) in the limit f(r)→ 1, i.e.,
the pure gauge configuration, one can easily see that the
spectrum is the same as the free case except that the
angular momentum simply shifts, L → L′ ≡ L + T ,
hence the eigenstates become Ψfree`′m′ . Therefore, we will
argue that the modes with ` 6= 0, do not contribute to
the level crossing. Only the singlet state contributes to
the level crossing and anomalous particle production2.
The full time dependent problem cannot be solved an-
alytically since the Hamiltonian [Eq. (7)] cannot be di-
agonalized, however it has been investigated in various
numerical studies [23, 24]. Here we propose a simple
fermion configuration so that we can describe the wave-
function of a level crossing massless left handed elec-
troweak fermion doublet analytically as the sphaleron in-
terpolates between the gauge configurations with NCS =
1 and NCS = 0:
ΨL(x, t) = C(t) e
−i ∫ t
0
dt′E(t′)
× e−[8µ(t)µ(t)/pi2]
∫ r
0
dxf(x)/x χ. (14)
Here E(t) ≡ E0[1− 2µ(t)/pi] is the energy of the fermion
state crossing zero, E0 is the energy gap between the
modes,
∫
d3x |C(t = ±∞)|2 = 1, C(t = 0) = C0. For
practical purposes we shall use [9],
µ(t) = pi[1− tanh(2t/rs)]/2, (15)
µ(t) = pi[1 + tanh(2t/rs)]/2, (16)
where t is the physical time and rs is the sphaleron ra-
dius. Note that µ(t = −∞) = pi, µ(t = 0) = pi/2
and µ(t = ∞) = 0 so that the fermion energy becomes
E(t = −∞) = −E0, E(t = 0) = 0 and E(t = ∞) = E0.
Similarly, µ(t = −∞) = 0, µ(t = 0) = pi/2 and
µ(t = ∞) = pi so that ΨL(x, t → −∞) ∝ eiE0t χ,
ΨL(x, t = 0) = Ψ
0
sph(r) and ΨL(x, t → ∞) ∝ e−iE0t χ.
The reason why we just focus on the singlet s-τ state
χ given by Eq. (11), but not higher angular momen-
tum states, is that only the singlet state crosses zero,
and the energy of the states with non-zero angular mo-
mentum simply shift as we have just argued. Therefore,
2 See, e.g., Ref. [24] where it was shown numerically that the con-
tribution to the anomalous particle production is due to the sin-
glet state. Also see Refs. [25, 26], where it was shown analytically
that only the singlet state contributes to the level crossing in the
gravitational sphaleron background in the manifold R× S3.
3the proposed configuration given by Eq. (14) describes
the fermion wavefunction that smoothly interpolates be-
tween the sphaleron zero mode Ψ0sph(r) and the asymp-
totic singlet states ΨL(x, t→ ±∞), i.e., the mode corre-
sponding to the anomalous particle production.
Electromagnetic Current.—The electromagnetic cur-
rent is usually calculated in the unitary gauge, where
Φunitary =
(
0
1
)
, (17)
however, the Higgs field given by Eq. (4) is in a different
gauge. We can define the electromagnetic charge opera-
tor Q in an arbitrary gauge as [27]
Q = naT a +
YL
2
, (18)
where
na = −Φ
†τaΦ
Φ†Φ
. (19)
Φ given by Eq. (4) can be re-written in the form
Φ =
(
h(r)eiφ sinµ sin θ
e−iµ [cosµ+ ih(r) sinµ cos θ]
)
. (20)
Then, the unit vectors na can be found explicitly as
n1 = − 2h(r) sinµ sin θ
cos2 µ+ h(r)2 sin2 µ
[
cosµ cos(φ+ µ)
+ h(r) sinµ cos θ sin(φ+ µ)
]
, (21)
n2 =
2h(r) sinµ sin θ
cos2 µ+ h(r)2 sin2 µ
[
cosµ sin(φ+ µ)
− h(r) sinµ cos θ cos(φ+ µ)
]
, (22)
n3 =
h(r)2 sin2 µ(cos2 θ − sin2 θ) + cos2 µ
cos2 µ+ h(r)2 sin2 µ
. (23)
Thus, the electromagnetic current density is
jνem = eΨL(σ
ν ⊗Q)ΨL, (24)
where e is the positron charge. More explicitly,
jνem =
1
2
jνYL + n
1 jνW 1 + n
2 jνW 2 + n
3 jνW 3 , (25)
where
jνYL ≡ e YL ΨL(σν ⊗ I)ΨL, (26)
jνWa ≡
1
2
e ΨL(σ
ν ⊗ τa)ΨL. (27)
Using Eq. (14), we obtain the contribution from U(1)Y
current density as
j0YL = e YL ΨLΨL = e YL j(r, t), (28)
jiYL =
1
2
e YL j(r, t) tr(σ
i) = 0, (29)
where j(r, t) ≡ |C(t)|2 e−[16µ(t)µ(t)/pi2]
∫ r
0
dxf(x)/x, and we
have used tr(σi) = 0.
Similarly, the contribution from the SU(2)L currents
are obtained as
j0W 1 =
1
2
e j(r, t)χ(I ⊗ τ1)χ = 0, (30)
j0W 2 =
1
2
e j(r, t) χ(I ⊗ τ2)χ = 0, (31)
j0W 3 =
1
2
e j(r, t) χ(I ⊗ τ3)χ = 0, (32)
and
jW 1 =
e
2
j(r, t)(− sin θ cosφ rˆ− cos θ cosφ θˆ + sinφ φˆ),(33)
jW 2 =
e
2
j(r, t)(− sin θ sinφ rˆ− cos θ sinφ θˆ − cosφ φˆ), (34)
jW 3 =
e
2
j(r, t)(− cos θ rˆ + sin θ θˆ), (35)
where rˆ, θˆ, φˆ are the unit vectors in spherical coordinates.
To summarize, we found that during the level crossing
the electromagnetic charge and current densities are
j0em =
1
2
j0YL , (36)
jem = n
1 jW 1 + n
2 jW 2 + n
3 jW 3 . (37)
where j0YL is given by Eq. (28), {na} are given by
Eqs. (21)-(23) and {jW i} are given by Eqs. (33)-(35).
Note that for each family the quark doublet has hy-
percharge YQ = 1/3, and the lepton doublet has hy-
percharge YL = −1. Since the electromagnetic charge
density for each doublet [Eq. (36)] is proportional to
the hypercharge, the total charge density vanishes since
2NcYQ + 2YL = 0, where the factor of 2 accounts for
the isospin and Nc = 3 accounts for the color degree of
freedom of quarks. The electromagnetic current for each
quark or lepton doublet is the same since it only gets con-
tribution from the SU(2)L sector [Eq. (37)]. Hence, the
total current per generation is simply jtotem = (Nc+1)jem,
where Nc = 3 is the color degree of freedom of the quark
doublet, and the factor of 1 accounts for the lepton dou-
blet. Note also that at µ = 0, pi (t → ±∞) the compo-
nents of the unit vector na [Eq. (19)] becomes n1 = 0,
n2 = 0, n
3 = 1. The electromagnetic current in this
regime goes to jem → (e/2)(− cos θ rˆ + sin θ θˆ), thus
∇ · jem → 0, as it should.
For our estimate of the helicity of the current, we use
the following approximate profile functions for the gauge
and the Higgs fields [15]:
f(r) =
{
(r/rs)
2 , for r 6 rs,
1, for r > rs, (38)
h(r) =
{
r/rs , for r 6 rs,
1, for r > rs. (39)
4The helicity of the electromagnetic current∫
d3x jem · ∇ × jem, (40)
is evaluated as can be seen in Fig. 1. Note that the
helicity of the current starts out as zero initially, and
becomes positive as the level crossing occurs. It becomes
zero at the zero mode, and finally changes sign and goes
to zero again. This turning on and off of the current
helicity can be a hint for generation of cosmic magnetic
fields with net helicity.
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FIG. 1.
∫
d3x jem ·∇×jem as a function of time in units of rs.
Solid (black) line corresponds to transition from NCS : 1→ 0
whereas dotted (red) line corresponds to NCS : 0→ 1.
The peak magnetic field amplitude at the production
epoch due to the current given by Eq. 37 can be esti-
mated as B ∼ |jem|/r ∼ e|C0|2/(2rs), where |C0|2 ≈
0.17/r3s , hence the maximum magnetic field strength is
B ∼ 1012 G, where we used rs ∼ (100 GeV)−1. To esti-
mate the spectrum, helicity and coherence length of these
fields, one needs to solve the full magnetohydrodynamic
equations taking the plasma effects into account.
In this letter, we proposed a fermion configuration
to describe the level crossing of the left handed elec-
troweak fermion doublets in the background of elec-
troweak sphalerons. We showed that fermionic U(1)em
currents [Eq. (37)] are produced during the level cross-
ing. These currents are also shown to be linked, i.e.,
they establish non-zero helicity during the level crossing,
which could be a hint for magnetic fields with net helicity.
There is also a bosonic contribution to the electromag-
netic current from the hypercharge current of the Higgs
field during the sphaleron transition [9]. Both fermionic
and bosonic contributions should be taken into account
to estimate the net magnetic field spectrum from the elec-
troweak sphaleron processes in the early universe. These
fields could be the required seed fields to explain the ob-
served galactic magnetic fields, and could be detected in
the extragalactic regions by using high energy gamma
ray sources [11–13]. Observation of these magnetic fields
can serve as a handle on the very novel processes, such
as, sphalerons, level crossing and anomalous particle pro-
duction in the early universe.
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